We outline the non-perturbative theory of multiple scattering of resonant, intense laser light off a dilute cloud of cold atoms. A combination of master equation and diagrammatic techniques allows, for the first time, a quantitative description of nonlinear diffusive transport as well as of coherent backscattering of the injected electromagnetic field, notwithstanding the exponential growth of Hilbert space with the number of atomic scatterers. As an exemplary application, we monitor the laser light's intensity profile within the medium, the spectrum of the backscattered light and the coherent backscattering peak's height with increasing pump intensity. Our theory establishes a general, microscopic, scalable approach to nonlinear transport phenomena in complex quantum materials.
I. INTRODUCTION
Wave transport in disordered media is an important subject of research in many areas of physics, ranging, e.g., from the conductance of electrons in disordered metals to multiple scattering of photons in turbid samples [1] . For three dimensional, linear media -i.e., if the properties of the scattering medium are not modified by the scattered wave itself (a point to which we will come back below) -one distinguishes two fundamentally different regimes of transport, which are usually referred to as the regime of 'weak disorder' and 'strong disorder', respectively.
Weakly disordered media, defined by the condition k 1 (with wave number k and mean free path ), essentially give rise to diffusive transport of the average wave intensity. Deviations from a purely diffusive behaviour, however, become visible when measuring the average intensity in the direction exactly opposite to the incident wave, where a coherent backscattering peak appears as a result of interference between wave amplitudes propagating along reversed scattering paths [2, 3] . A detailed, microscopic understanding of these and other related effects of mesoscopic transport in weak disorder, such as weak localization [4] or universal conductance fluctuations [5] , is provided by diagrammatic multiple scattering theory [6] , based on the statistical properties of the disordered medium under study.
The situation is different in the regime of strong disorder (i.e. k 1 or smaller), where complete suppression of diffusion due to Anderson localization [7] is expected, and indeed has been observed in many different physical systems (e.g., sound waves [8] or matter waves [9] ). Whether it is possible to achieve Anderson localization of light is, according to present knowledge [10, 11] and due to the absence of a microscopic theory of multiple scattering in strong disorder, an open question. Similarly, the * Present address: IBM Research-Zurich, Säumerstr. 4, CH-8803 Rüschlikon understanding of recurrent or collective scattering effects [12] [13] [14] [15] , which play an important role in the case of strong disorder, is far from complete.
A good candidate to study fundamental questions of multiple scattering theory is the scattering of light by cold atoms [16] [17] [18] [19] [20] [21] . The scattering properties of single atoms are well known and tunable, e.g., by changing the wave length or the intensity of the incident laser. Using atoms with a suitable level structure, it is furthermore possible to let the atom interact with several laser beams in a nonlinear way, such that one beam can be used to control a second one (e.g., to slow down its group velocity using the effect of electromagnetically induced transparency [22] ). Therefore, apart from its fundamental interest as a generic quantum transport scenario, a precise understanding of multiple scattering effects in atomic gases is also desirable in view of applications such as quantum memories [23] , random lasers [24] or photonic devices in disordered media [25] .
Coherent backscattering of light was experimentally observed for atoms with degenerate and non-degenerate ground states [16, 26] , at low temperatures, i.e. when the thermal motion of the atoms can be neglected. In the linear regime of small laser intensity, the results agree well with predictions of diagrammatic multiple scattering theory [27] [28] [29] . The latter usually assumes that there exists a scattering matrix through which the outgoing field is linearly related to the incident field. This assumption, however, breaks down for larger laser intensity: first, the atomic response becomes nonlinear due to the saturation of the atomic transition. Second, the light scattered by near-resonant atoms exhibits fluctuations due to the quantum mechanical coupling of the atoms to the electromagnetic vacuum. These fluctuations are responsible for the incoherent or inelastic component of resonance fluorescence [30] , where the frequencies of emitted photons differ from the frequency of the incident laser.
Whereas a decrease of the coherent backscattering interference peak with increasing saturation of the atomic transition was observed experimentally [31, 32] , no satis-
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fying theory so far exists for incorporating nonlinear and inelastic scattering into a multiple scattering approach. A theory for coherent backscattering by nonlinear, classical scatterers was presented in [33, 34] , but does not take into account any quantum fluctuations due to inelastic scattering. A perturbative method based on the scattering matrix of two photons was proposed in [35, 36] , but is only valid if incident light intensity and optical thickness of the atomic medium are small. Similarly, approaches based on the truncation of a hierarchy of correlation functions [37, 38] fail for large laser intensities, because a large number of atoms will become correlated with each other during a multiple scattering process involving many multi-photon scattering events. On the other hand, standard tools of quantum optics (master equations, optical Bloch equations, etc.) are well adapted to describe the atom-field interaction for arbitrary intensities of the incident field, but are restricted to a small number of atoms coupled to each other by photon exchange [39] [40] [41] . This is due to the fact that the dimension of the atomic Hilbert space grows exponentially with the number of atoms. With all above methods having their limitations, the problem of multiple inelastic scattering of intense laser light in cold atomic ensembles has hitherto been considered as unsolvable.
However, as we here show, this problem can be overcome under the following two assumptions: (i) The atoms are placed independently from each other at random positions. Experimentally measurable quantities like the spectrum of the radiated light are averaged over the atomic positions. (ii) The atomic medium is dilute, i.e., the typical distance between neighbouring atoms is larger than the wave length of the incident laser. For nearresonant atomic scatterers, these assumptions correspond to the regime k 1 of weak disorder mentioned above. Using a diagrammatic multiple scattering representation derived from the quantum optical N -atom master equation, we identify certain types of multiple scattering processes -described by so-called ladder and crossed diagrams [6] -which survive the ensemble average over the atomic positions. The sum of all these diagrams leads to numerically solvable transport equations describing, both, nonlinear diffusive transport of photons in the atomic cloud as well as coherent backscattering.
As already mentioned above, a similar diagrammatic approach has already been developed for nonlinear classical scatterers [33, 34] . Within this model, the light is scattered purely elastically -provided that a stationary scattering state is assumed in spite of the nonlinearity [42, 43] . The present paper fully takes into account inelastic scattering induced by the quantum-mechanical nature of the atom-field interaction. In contrast to the classical model, a unique stationary state is always reached in this case, as proven in Appendix A.
The paper is organized as follows: In Sec. II, we introduce our model consisting of N two-level atoms at fixed, random positions, which are driven by a monochromatic laser and coupled to the electromagnetic vacuum. After tracing over the quantized radiation field, we arrive at a master equation describing the time evolution of atomic observables.
In Sec. III, we rewrite the master equation as a generalized optical Bloch equation for N atoms. Formal solutions for the stationary state of the generalized N -atom Bloch vector and the corresponding power spectrum of the light emitted by the atoms in this stationary state are derived.
On the basis of this formal solution, we introduce a diagrammatic multiple scattering representation in Sec. IV. Using this representation, the radiation emitted by N atoms is expressed in terms of single-atom building blocks. We argue that, in the case of a dilute atomic medium, only certain types of diagrams survive the ensemble average over the atomic positions: ladder diagrams describing nonlinear diffusive transport, and crossed diagrams giving rise to coherent backscattering.
In Sec. V, we perform the summation of all ladder diagrams after averaging over the atomic positions. We show that the light field incident on each single atom can be modelled as a stochastic polychromatic classical field. Thereby, the average power spectrum of the light emitted by a single atom -as well as the refractive index determining the propagation of light in the effective atomic medium -can be determined by solving the corresponding single-atom Bloch equations. Finally, the sum of all ladder diagrams corresponds to the solution of coupled transport equations for the laser amplitude E + L (r), on the one hand, and the average spectral irradiance I(ω, r) of the scattered fields, on the other hand.
In Sec. VI, the effect of coherent backscattering is quantified by the summation of crossed diagrams. For this purpose, we identify the building blocks out of which the crossed diagrams are composed, and give the rules according to which these building blocks are connected to each other. Thereby, we arrive at a 'crossed transport equation' which describes the propagation of a pair of conjugate amplitudes along reversed scattering paths, which, in turn, gives rise to coherent backscattering, i.e., to an enhancement of the scattered intensity in the direction exactly opposite to the incident laser.
Results obtained by numerical solutions of the ladder and crossed transport equations are presented in Sec. VII. We consider a slab-like scattering geometry, where all atoms are confined (with uniform density) to a slab with finite length in the direction of the incident laser, and infinite extension in the perpendicular directions. We show and explain how increasing the incident laser intensity changes the intensity profile of light propagating inside the slab, the spectrum of backscattered light and the height of the coherent backscattering peak.
Finally, we provide conclusions and outlook in Sec. VIII. In the appendices, we prove that the generalized N -atom Bloch equation exhibits a unique stationary state (Appendix A), provide technical details concerning the calculation of partial derivatives with respect to probe fields of a given frequency (Appendix B), verify that our ladder transport equations respect the property of flux conservation (Appendix C), and give the complete mathematical expressions of the crossed building blocks (Appendix D).
II. MODEL
As described above, we consider an ensemble of N twolevel atoms at fixed positions r 1 , . . . , r N . These positions are assumed to be to be static on the time scale of a typical multiple scattering process. This assumption is adequate if the atomic gas is cooled to sufficiently low temperature (in the range of 1 mK [31] ) and if the recoil induced by scattering of photons remains small throughout the experiment [31] . All atoms are driven by a monochromatic laser (which we treat classically) and coupled to the electromagnetic vacuum (which we treat quantum mechanically). In this article, we will, for the sake of clarity and simplicity, model the electromagnetic field as a scalar field. As further discussed in the conclusions, however, our theory can be generalized to vectorial fields and atoms with more complicated level structure.
A. Hamiltonian
The full Hamiltonian of our system decomposes as follows: H(t) = H A (t) + H F + H V , where H A (t) refers to the atoms driven by the classical laser field, H F to the quantized electromagnetic field, and H V to the interaction between the atoms and the quantized field. The atomic part reads:
withω 0 the (bare) atomic resonance frequency and d the dipole moment of the atomic transition. Furthermore, σ − j = |1 j 2| j and σ + j = |2 j 1| j , with |1 j and |2 j the ground and excited states of atom j, denote the atomic lowering and raising operators. The laser field
describes a plane, monochromatic wave with amplitude E L , frequency ω L and wavevector k L . The field Hamiltonian H F can be expressed in terms of annihilation and creation operators a k and a † k of electromagnetic field modes k (where, as mentioned above, the polarization degree of freedom is neglected):
Finally, the interaction between the atoms and the quantized field in dipole approximation is given by:
where the field operatorŝ
are split into the following positive-and negativefrequency components:
with quantization volume V.
B. Master equation for N atoms
By tracing over the quantized radiation field, and applying several standard approximations (i.e. rotating wave, Born-Markov and secular approximation) [44] , it is possible to derive a master equation governing the evolution of the quantum-mechanical expectation value of an arbitrary observable Q of the N -atom system. The approximations mentioned above are fulfilled with very high accuracy, essentially due to the fact that the atomic resonance frequency is many orders of magnitude larger than all other relevant frequencies (such as the Rabi frequency Ω, the atom-laser detuning δ, or the spontaneous decay rate Γ, see below). In the frame rotating at the laser frequency ω L , the expectation value Q obeys the following equation of motion [44] :
Here, δ = ω L − ω 0 denotes the detuning of the laser frequency with respect to the atomic resonance frequency ω 0 . Due to the atom-field interaction, the latter is shifted with respect to the bare frequencyω 0 [44] . Furthermore, Ω j = Ω(r j ), with Ω(r) = Ωe ik L ·r and Ω = dE L / , defines the atomic Rabi frequency induced by the laser at position r j , and
the radiative decay rate of the excited state. The bottom line of Eq. (8) describes the far-field dipole-dipole interaction between atoms due to exchange of real photons. This interaction is determined by the complex couplings
which, in turn, depend on the distance between the atoms j and k as follows:
The far-field approximation is adequate since, throughout this paper, we assume that the distances r jk = |r k − r j | between atoms fulfill k L r jk 1. On the other hand, we assume r jk c/Γ such that the time delay due to the propagation of photons can be neglected as compared to the timescale Γ −1 of the atomic evolution. The electromagnetic field scattered by the atoms can be expressed as follows in terms of the atomic raising and lowering operators:
With the Wiener-Khinchine theorem [45] , the spectrum (or spectral irradiance) of the scattered field finally results as:
where, due to the rotating frame, ω denotes the detuning with respect to ω L , i.e. the detected frequency in the laboratory is given by ω D = ω L + ω.
III. FORMAL SOLUTION OF THE N -ATOM PROBLEM
A. Generalized optical Bloch equations for N atoms
To reformulate Eq. (8) as a generalized optical Bloch equation for N dipole-dipole interacting atoms, we introduce the 4 N -dimensional generalized Bloch vector
which we write as the expectation value of the tensor product of the single-atom vector operators
with σ z j = |2 j 2| j − |1 j 1| j . The vector S completely characterizes the quantum state of the atomic system, and thus can be interpreted as an alternative representation of the 2 N × 2 N -dimensional atomic density matrix.
Evaluating the commutators in Eq. (8), the time evolution of S can be written as:
with L = A+V , where A and V describe the independent and interaction-induced evolution, respectively. Explicitly:
where we introduced the 4 × 4 matrices 
acting only on the four-dimensional space associated with atom j, see Eq. (16) . Whereas A j describes the independent evolution of atom j in presence of the laser field, B ± j and C ± j refer, respectively, to the emission and absorption of negative-(B + j and C + j ) or positive-frequency (B − j and C − j ) photons by atom j. The apparent asymmetry between the matrices B ± j on the one hand and C ± j on the other hand originates from the fact that the complex coupling T jk describes, both, the reversible far-field dipole-dipole interaction and the irreversible collective decay, see also Eqs. (A1-A3) in Appendix A. Whereas the former corresponds to emission of a photon by atom j and subsequent absorption of this photon by atom k, the latter can be interpreted as a photon exchange from atom j to k immediately followed by an irreversible decay of atom k [46] . Both processes differ in their action on the second atom k, and the corresponding operator C ± k describes the sum of both processes. For simplicity, we will continue speaking of C ± k as describing 'photon absorption', keeping in mind that this absorption may be accompanied by an irreversible decay.
For later convenience, let us note the following general properties of the above operators: A j has one eigenvalue 0 and three eigenvalues with negative real parts.
The real and imaginary parts of the latter correspond to the widths and positions, respectively, of the three peaks of the Mollow triplet describing the single-atom resonance fluorescence spectrum for strong enough driving field strengths [30] .
The vector (1, 0, 0, 0) is left-eigenvector of A j associated with the eigenvalue 0, i.e. (1, 0, 0, 0)A j = (0, 0, 0, 0). The corresponding right-eigenvector s
and the normalization condition (1, 0, 0, 0) s (0) j = 1 denotes the stationary Bloch vector of a single atom driven only by the laser field.
From the above, it follows that also A = j A j , see Eq. (18) , has exactly one eigenvalue zero. The corresponding left-eigenvector is given by (1, 0, . . . , 0) = (1, 0, 0, 0) ⊗ · · · ⊗ (1, 0, 0, 0), and the right-eigenvector by:
which fulfills
and (1, 0, . . . , 0) S 0 = 1. Finally, the vector (1, 0, . . . , 0) is also left-eigenvector of V . This follows from the fact that the matrices C ± j , see Eq. (22), have only zero entries in the uppermost row. Therefore, (1, 0, . . . , 0) is also left-eigenvector of L = A + V , which governs the time evolution of the Bloch vector, see Eq. (17), i.e.:
This property ensures conservation of the total norm. In other words: the expectation value of the identity operator must remain equal to one at all times. Using this property, it is possible to reduce the Bloch equation (17) to a (4 N − 1)-dimensional equation for the remaining elements of the Bloch vector. In the following, however, we will continue working with the 4 N -dimensional form of the Bloch equation, since this will allow us to exploit the tensor product structure expressed in Eq. (15).
B. Stationary state
As shown in Appendix A, under the condition that the distances between all pairs of atoms are non-zero, the generalized Bloch equation (17) has a unique stationary state defined by L S = 0 (27) and the normalization condition (1, 0, . . . , 0) S = 1. In the following, the symbol S will always refer to this stationary solution (unless indicated otherwise). Moreover, we show in Appendix A that a formal solution for S is obtained as follows:
On the basis of this formal solution, a diagrammatic multiple scattering description is obtained by expanding the operator ( − L) −1 in powers of the interaction V , see Sec. IV A below.
C. Spectrum emitted by N atoms
In the stationary state, the spectrum of the light emitted by N atoms can be expressed in terms of the following spectral correlation function [47] :
between the atomic raising and lowering operators for atom i and l, respectively:
where we assume that the stationary state is reached at time t = 0. The spectrum measured by a detector placed in the far field (distance R from the atomic cloud) then results from Eqs. (12) (13) (14) as follows:
dicates the direction in which the detector is placed with respect to the atomic cloud. To normalize the spectrum, we divide the outgoing flux (through a sphere with radius R → ∞) by the incoming flux:
where A denotes the tranverse (with respect to the direction k L of the incoming laser beam) area of the scattering medium, and
scattered into direction e D is a dimensionless quantity also known as 'bistatic coefficient' [48] .
To calculate the spectra P ± il (ω) of the atomic dipoles, we introduce the following vectors of correlation functions:
Due to the quantum regression theorem [49] , the correlation functions follow the same equation as the Bloch vector S, recall Eq. (17) above:
These equations must be solved with the initial conditions:
resulting from Eqs. (35, 36) evaluated at τ = 0, together with the operator identities σ l σ 
where > 0 ensures the existence of the Laplace transform, and [. . . ] 1 refers to the first vector component, i.e. the one which, for an arbitrary 4 N -dimensional vector S (not necessarily the stationary Bloch vector), is defined as the scalar product with the vector (1, 0, . . . , 0), i.e.
[ S] 1 = (1, 0, . . . , 0) S.
The elastic component of the spectrum (i.e. the component emitted at the same frequency as the laser frequency) originates from the eigenvalue 0 of L in Eqs. (40, 41) . Using the corresponding left-and righteigenvectors (1, 0, . . . , 0) and S, we obtain:
where we used [B
in the second line.
IV. REPRESENTATION OF THE FORMAL N -ATOM SOLUTION IN TERMS OF DIAGRAMS

A. Expansion of the formal N -atom solution
The formal solution (40, 41) for the spectral function P il (ω) obtained in Sec. III C can be expanded in powers of the interaction V using the relation
with L = A + V (see above) and, hence, In view of Eqs. (28, 40) , a typical term of the resulting series has the following form:
and similarly for P − il .
(From now on, we will omit the limit → 0 and treat as an infinitesimally small positive quantity.)
Let us now consider the operators V appearing in the expansion (45) . Each of them corresponds to a sum over all atom pairs (j, k), see Eq. (19) . In the following, we adopt the following convention: for each factor T jk B + j C + k , we draw a dotted line from atom j to atom k. Similarly, for each factor T * kj B − k C − j , we draw a solid line from atom k to atom j. Thereby, the exchange of negative-frequency (dotted lines) and positive-frequency (solid lines) photons between individual atoms can be visualized in form of a diagram. To specify the indices i and l of the spectral function P il (ω), we attach an outgoing dotted arrow to atom i and a solid arrow to atom l, which are both labeled by the frequency ω. An example of a diagram contributing to the spectral function P 44 (ω) of atom 4 is shown in Fig. 1 . This diagram contains 4 photon exchanges, represented by the solid and dashed arrows pointing from atom 1 to atom 2, and from atoms 1, 2 and 3 to atom 4. Note that the diagram does not specify the order in which the respective interaction terms occur in the series (45) . Any diagram such as the one depicted in Fig. 1 thus implicitly contains a sum over all possible orderings. We will come back to this point below.
B. Decomposition into single-atom evolutions
To set up a diagrammatic multiple scattering theory for N atoms, our aim is to express the N -atom signal given by Eq. (32) in terms of quantities involving only single atoms. For this purpose, let us look at an arbitrary term of the series (45) , where the photon emission and absorption events occur in a given order, see the example presented in Fig. 2 and Eq. (55) below. Both, the state S 0 defined by Eqs. (24, 25) , as well as the interaction V are already given in terms of single-atom Bloch vectors s (0) j or single-atom operators B ± j and C ± j . Furthermore, also G(ω) can be decomposed into single-atom contributions, since it describes the evolution of independent (non-interacting) atoms. For this purpose, it is most convenient to switch to the time domain:
and then use:
see Eq. (18), due to the fact that the operators A j commute with each other (since they act on different atoms).
The operator e Aj t expresses the time evolution of the Bloch vector for a single atom j driven only by the laser with Rabi frequency Ω j .
We can now explore (46, 47) for each G occuring in (45) . The resulting expression can be further simplified by using the following rules valid for each single atom j:
Eqs. (49, 50) result from the fact that, as discussed above, s (0) j and (1, 0, 0, 0) are right-and left-eigenvectors of A j with eigenvalue 0, respectively. Eq. (50) is valid for an arbitrary four-dimensional vector s j . Using these rules, the evolution of each single atom in a given diagram can be expressed as a sequence of photon absorption and emission events (described by B Finally, we switch back to the frequency domain by applying
with
to each single-atom time propagator e Aj t . All of them are evaluated at t > 0, see Eq. (46) . Since all poles of G j (ω) are located in the upper half of the complex plane (due to the fact that > 0 and that the eigenvalues of A j exhibit zero or negative real parts, as mentioned above), Eq. (51) vanishes for t < 0. Therefore, we may extend the limits of integration to the entire real axis (from −∞ to +∞), for each time variable. Doing so amounts to considering the sum of all terms that arise from the original one by permuting the order of emission and absorption events in such a way that the 'local ordering' for each single atom is preserved, see the example shown in Fig. 2 below. The time integrals can then be performed using the rule
Consider, e.g., a photon exchange event between atoms j and k. If ω j and ω j denote the frequencies of the singleatom evolutions G j (ω j ) and G j (ω j ) before and after the photon exchange, respectively, and likewise for atom k, we obtain:
We see that the frequencies of atom j and k change by the same amount, but with opposite sign:
This defines the frequency of the exchanged photon. We choose its sign such that each emission B ± j of a photon ω changes the frequency of atom j by ∓ω and, correspondingly, each absorption C ± j by ±ω. In summary, the contribution of each single diagram with given local orderings to (45) is determined as follows:
(i) The contribution of each single atom j is described by a sequence
of photon emission and absorption events V 
where
= 0 (since no single-atom evolution G i occurs before the first or after the last photon emission or absorption). If n j = 1, i.e. if atom j participates in only one single event (which then must be a photon emission), the frequency ω Fig. 1 represented in a different way, where the order in which the photon exchanges occur is specified (i.e. t5 > t4 > t3 > t2 > t1 > 0), see Eqs. (55, 56) . Vertical lines refer to exchange of photons between atoms and horizontal lines to single-atom evolutions. b) Process with the same local orderings as in a) (i.e. t1 > 0 for atom 1, t3 > t1 for atom 2 and t5 > t4 > t3 > t2 > 0 for atom 4), but a different global ordering (i.e. t1 > t2 instead of t2 > t1).
To illustrate the above general recipe, consider the example shown in Fig. 2(a) . It shows the same process as Fig. 1 in a different representation, where the ordering of the photon emission and absorption events is specified (0 < t 1 < t 2 < · · · < t 5 ). As explained in Sec. IV A above, this diagram corresponds to the following mathematical expression:
Here (and in the following examples), P Next, we express each of the five terms G representing the evolution of N non-interacting atoms in presence of the laser driving in terms of single-atom evolutions by using Eqs. (46, 47) . This leaves us with the following fivefold integral over the time variables t 1 , . . . , t 5 :
where we used the product rule (48) . Now, rule (49) allows us to eliminate the evolutions e t1A2 and e t2A3 on the right-hand side of the expressions for atoms 2 and 3, respectively. Similarly, rule (50) eliminates the propagators e (t5−t1)A1 etc. on the left-hand side for atoms 1, 2 and 3. We now express each of the remaining six singleatom time-propagators in frequency space, see Eq. (51), and extend the lower limits of all time integrations to −∞. Since Eq. (51) determines only the local ordering of emission and absorption events for each single atom (i.e. t 1 > 0 for atom 1, t 3 > t 1 for atom 2 and t 5 > t 4 > t 3 > t 2 > 0 for atom 4), we thereby obtain an additional contribution from the process shown in Fig. 2b ), which exhibits the same local ordering as Fig. 2a ), but a different global ordering (i.e. t 1 > t 2 instead of t 2 > t 1 ). Thus, the resulting expression directly yields the sum of both diagrams in Figs. 2(a) and (b).
Applying the 'δ-function rule' [e.g., Eq. (53)], for each time integral (which eliminates five among the six frequency integrations), we are left with the following integral over the frequency ω 1 :
The frequency ω 1 is associated with the photon exchanges T 14 , T * 12 and T * 24 , whereas the photon exchanged between 3 and 4 carries frequency zero (i.e. the same frequency as the laser frequency). Analyzing the frequency arguments of the single-atom evolution operators G j (j = 1, 2, 4), we verify the general rule stated above, see Eq. (54), according to which each emission B 
Graphical representation of the single-atom building blocks which can be used to construct every relevant diagram in this article (i.e. ladder and crossed diagrams, see Sec. IV E). The incoming photons ω1, . . . , ωn may carry negative or positive frequency (dotted or solid arrow), corresponding to superscript αj = + or − in the respective symbols s
and P (α 1 ...αn) . In a), the frequency of the outgoing photon is fixed to ω = − j αjωj, whereas ω = j αjωj in b) and ω−ω = j αjωj in c), see Eq. (62). All three building blocks can be calculated by solving the optical Bloch equations for a single atom driven by a polychromatic classical field, see Eqs. (71-73).
C. Single-atom building blocks
The procedure outlined in Sec. IV B allows us to express the contribution of any diagram involving an arbitrary number of atoms in terms of single-atom evolutions which are coupled to each other through the frequencies of the exchanged photons. As we will argue in the next section, to calculate the average photodetection intensity I D (ω), see Eq. (32), for the case of a dilute atomic medium, it is sufficient to consider diagrams where each atom emits at most one photon, corresponding to the application of at most one photon emission operator B + i for photons with negative frequencies, and at most one B − i for photons with positive frequencies. Correspondingly, we obtain three different single-atom building blocks [50] , which are depicted in Fig. 3 . Summing over all possible local orderings of the photon emission and absorption events, we obtain the corresponding expressions for the building blocks shown in Figs. 3(a) and (b):
where π(j 1 , . . . , j n ) denotes n! permutations of indices j 1 , . . . , j n ∈ {1, . . . , n}. This structure of the building blocks s 
Again, we sum over all possible permutations of the n absorption events C ± i and the two emission events B ± i . As explained above, one of the two B ± i 's must occur at the end of the sequence.
The building block P as defined by the above equations exhibits, both, inelastic and elastic components. In this respect, it differs from the corresponding quantity introduced in [50] which contains only the inelastic component.
Arbitrary diagrams involving at most one photon emission B + i and/or B − i per atom can now be constructed by connecting these building blocks to each other. For this purpose, the outgoing arrow of one building block is identified with an incoming arrow of another building block. Each occurrence of a building block P leads to an integral over the frequency of the exchanged photon, since only the difference between the outgoing frequencies ω and ω is determined by the incoming frequencies in Fig. 3(c) .
Remember, however, that the above building blocks involve a sum over all possible local orderings. When connecting different building blocks to each other, we must verify that these orderings are consistent with each other. For example, if a positive-and a negative-frequency photon are emitted by the same atom, see building block For performing the ensemble average over the atomic positions (see below), the dependence of the building blocks on r plays an important role. Using the structure of the matrices A, B
± and C ± defined in Eqs. (20) (21) (22) , it is possible to show that:
As an example, let us illustrate the use of single-atom building blocks in the example shown in Fig. 1 . The final result for the contribution of this diagram, including all possible orderings of photon emission and absorption events, reads as follows:
So far, we have shown that the spectrum emitted by N laser-driven atoms can be represented in terms of diagrams composed of single-atom building blocks. This constitutes the first main result of the present paper, and generalizes the results previously established for the cases of N = 2 [51] and N = 3 atoms [50] to an arbitrary number of atoms. In a second step, we now establish a method to perform the sum over all relevant diagrams.
To do so, we rely on the fact that the above building blocks can be calculated by solving single-atom optical Bloch equations for polychromatic driving fields representing the incoming photons. Let us consider a field of the form
with positive-and negative frequency components (in the frame rotating with frequency ±ω L ):
The time evolution of the atomic Bloch vector s = σ for an atom placed at position r driven by this field in addition to the laser field with associated Rabi frequency Ω(r) is given by:
where A(r), C + and C − are the same 4 × 4-matrices as those in Eqs. (20) and (22), but without subscripts, and Ω j replaced by Ω(r).
We consider the solution of Eq. (69) starting from an arbitrary initial condition at time t 0 −1/Γ, such that a quasi-stationary state is reached at time t = 0. Due to the time-dependence of the driving field, this state is not truly stationary, but quasi-stationary in the sense that it does not depend on the initial condition, thus being uniquely determined by the driving field. Let us expand this quasi-stationary solution in a Taylor series with respect to the time-dependent driving fields:
where E αj j (t) = E αj j e −iαj ωj t , and the derivatives are
In the quasi-stationary regime (i.e. for t ≥ 0), the partial derivatives thereby defined are independent of t. Since the expansion of the quasi-stationary solution of Eq. (69) in powers of the Rabi frequencies Ω ± j = 2dE ± j / induced by the driving fields leads exactly to the same expression as given in Eq. (58), the building blocks s ± r are obtained as the n-th fold partial derivative [52] :
Note that the superscript α i = ± corresponds to a probe field with opposite sign E ∓ i . A similar rule applies to the third building block P r , if we apply the quantum regression theorem [49] to calculate the atomic correlation functions σ
(B5,B6) in Appendix B, and expand these in a Taylor series as above:
Again, the partial derivatives are evaluated at E
In principle, the Fourier transform of σ + (τ )σ − (0) r with respect to τ yields the spectrum as a function of the frequency ω of the emitted negativefrequency photon in Eq. (72). Due to the time dependence exp(i j α j ω j t) of the incident fields together with Eq. (62), however, the frequency ω is shifted to ω in Eq. (72), and vice versa (from ω to ω) in Eq. (73).
E. Ladder and crossed diagrams
In Sec. IV C, we restricted ourselves to diagrams where each atom emits at most one photon. In this subsection, we justify this restriction, and further specify the types of diagrams considered in this paper. For this purpose, we employ the assumption of a dilute medium, where the distances between atoms are much larger than the wave length of the scattered light. Furthermore, we restrict ourselves to calculating the ensemble average of the detected spectrum, Eq. (32) , where the average is taken over the atomic positions r j . The latter are assumed to be distributed independently from each other inside a certain volume V . This assumption requires the temperature of the atomic cloud to lie well above the threshold for Bose-Einstein condensation since, otherwise, quantumstatistical correlations between atomic positions become relevant [53] .
We now argue that, for the case of a dilute medium, only diagrams exhibiting a certain simple structure survive the ensemble average: For this purpose, we note that the couplings T jk between the atoms, see Eq. (11), exhibit phase factors e ikr which sensitively depend on
Processes involving closed loops of photons which we neglect in our treatment. a) Atom 1 emits a photon, which is scattered by atoms 2, 3 and 4, and then reabsorbed by 1. This process leads, in principle, to a change of the atomic decay rate and resonance frequency as compared to an atom placed in vacuum [44] . However, these changes are small for a dilute atomic cloud. b) Atom 3 emits a correlated pair of photons, which then meet again at atom 1. Similarly as in a), also this process involves a closed loop, and its weight hence tends to zero in the limit of decreasing atomic density. Both processes involve single-atom building blocks of higher order (i.e. with more outgoing arrows) than those depicted in Fig. 3 , see atom 1 in a) and atom 3 in b).
the distance r between the respective atoms. Under the condition kr 1 (dilute medium), the corresponding phase is approximately uniformly distributed in the interval [0, 2π], such that it vanishes on average. Therefore, the only diagrams which survive the average are those where each coupling T jk is accompagnied by its complex conjugate T * jk or T * kj , in order to compensate the random phase of the former. In some cases, the phase of T jk can also be compensated by the phases of the laser amplitudes Ω j and Ω k , as further discussed below.
In addition to the condition of vanishing phases, we may furthermore neglect diagrams involving closed loops of photons, see Fig. 4 . These include, both, processes where a photon, described by a conjugate pair of solid and dotted arrows, is emitted by an atom, scattered by other atoms and then reabsorbed by the former atom, see Fig. 4(a) , and processes where an atom emits two photons which then meet again at another atom, see Fig. 4(b) . Even if their phase vanishes, such processes can be neglected since, as known from the theory of multiple scattering for a single particle, the probability of 'recurrent scattering' [12] , i.e. the probability of a photon returning to the same atom from which it has been emitted, scales like 1/(k ) (with mean free path ) and thus can be neglected in the dilute regime k 1 (also called regime of 'weak disorder'). In our case, this condition is fulfilled due to the assumption of the distances between atoms being much larger than the wave length of the scattered light. The neglect of closed loops allows us to restrict ourselves to those diagrams which can be constructed from the three single-atom building blocks defined above, see Fig. 3 .
Among the latter, the diagrams with vanishing phase can be divided into two classes called 'ladder' and 'crossed diagrams' in the following. Ladder diagrams are defined by the condition that two conjugate amplitudes (solid and dotted arrows) of a photon emitted by one atom 'remain together' in the sense that they are absorbed by the same atom. In between, they may undergo an arbitrary sequence of scattering events described by the building blocks s ± r , which, as we will see later, describe the refractive index of the atomic medium. An example is shown in Fig. 5(a) . We see pairs of copropagating conjugate photon amplitudes (solid and dotted arrows) from atom 2 to atom 6, from atom 3 to atom 4, and from atom 4 to atom 6, with intermediate scattering of the solid arrow at atom 5 in the latter case. Due to the condition of vanishing phases, this process contributes only if atom 5 is placed in the vicinity of the straight line connecting atoms 4 and 6. In addition, atom 2 is irradiated by a single photon amplitude from atom 1 which, as discussed below, describes the attenuation of the incident laser beam. If the line from atom 1 to 2 is parallel to k L , the phase of the coupling T * 21 is compensated by the phases of the laser fields acting on atom 1 and 2, since s
according to Eqs. (63, 64) . Crossed diagrams result from ladder diagrams by reversing the direction of single arrows, thus describing interference between counterpropagating amplitudes. The diagram shown in Fig. 5(b) , for example, contributes to the interference P 63 (ω) between light emitted by atoms 3 and 6, respectively, with corresponding phase factor exp[i(k D +k L )·(r 6 −r 3 )], which follows from Eqs. (32, 64) . Therefore, crossed diagrams contribute, on average, only in the vicinity of the backscattering direction k D −k L , giving rise to the coherent backscattering cone. In contrast, the ladder diagrams do not sensitively depend on the outgoing direction k D , and thus describe the diffusive background of the scattered light.
The equations corresponding to the above exemplary diagrams are:
In accordance with the rules that determine the frequencies of the outgoing photons in Fig. 3 , we see that co-propagating photon pairs always carry the same frequency, i.e. ω 1 , ω 2 or ω 3 in Fig. 5 (a) and ω 3 in Fig. 5(b) , whereas the frequencies (ω i , ω i ) of counterpropagating photons are related by Fig. 5(b) . In the following, however, we will not be concerned with evaluating the contributions of individual diagrams such as the ones shown in Fig. 5 , but rather derive transport equations the solution of which yields the sum of all ladder and crossed diagrams.
V. SUMMATION OF LADDER DIAGRAMS
A. Description of incident radiation as stochastic classical field
Let us first, for simplicity, concentrate on diagrams describing nonlinear and inelastic scattering of light in the atomic cloud, while neglecting the effects of propagation in the atomic medium between two subsequent scattering events. An example of such a diagram is shown in Fig. 6 . To arrive at a complete summation of all these diagrams, we must take into account that each atom can be irradiated by an arbitrary number n of other atoms, and sum over n. The spectrum radiated by one atom can
then serve as incident spectrum for another atom, and so on.
Taking the ensemble average over the atomic positions r i , the sum of all these ladder diagrams can be expressed as a nonlinear integral equation for the average spectral density
of the dipole correlation function of an atom placed at position r:
Here, N (r) denotes the density of atoms at r, i.e. N (r) = 0 for r / ∈ V and V dr N (r) = N . The factor 1/n! arises from the selection of n out of N atoms (i.e. N n N n /n! for N n). Eq. (77) states that the spectrum P(ω, r) of an atom at position r is influenced by the spectra emitted from arbitrarily many other atoms placed at r 1 , . . . , r n . Due to the tree-like structure of the ladder diagrams (with different branches referring to different atoms), see Fig. 6 , and due the fact that the atomic positions are distributed independently, these incident spectra are uncorrelated with each other. Therefore, the ensemble average over the product of these spectra can be factorized, leaving us with a product of average spectra k P(ω k , r k ) on the right-hand side of Eq. (77).
We now show that the right-hand side of Eq. (77) can be expressed in terms of the spectrum radiated by a single atom under the influence of a classical, stochastic driving field (in addition to the laser field). For this purpose, we represent the continuous frequency variables on a discrete lattice of frequencies ω j = j∆ω. The frequency spacing ∆ω must be chosen small enough, such that it does not influence the final result presented below. (From our numerical calculations, we find that ∆ω Γ is sufficiently small.) Let us now consider a classical field of the form:
The phases φ jk are independent random variables uniformly distributed in the interval [0, 2π], and M is a very large number approximately of the same order as the number N of atoms. Furthermore, I(ω j , r) represents the average spectrum of the light emitted from all atoms:
(80) Our claim is that the average spectrum P(ω, r) of the dipole correlation function of an atom at r can be calculated by modelling the fields emitted from all other atoms by the stochastic classical field given by Eq. (78). To show this, we remind ourselves of the fact that the building block P r gives the derivatives of the single-atom spectrum with respect to an incident classical field, see Eqs. (72,73). Let us therefore consider the single-atom spectrum
induced by the above stochastic classical field (in addition to the laser field) in the quasi-stationary state, and expand the dipole correlation functions σ + (τ )σ − (0) r and σ + (0)σ − (τ ) r in powers of the incident field amplitudes E ± jk , in the same way as s r (t) in Eq. (70). If we now take the average with respect to the random phases φ jk (denoted by the overbar (cl) in the following), we see that only such terms survive the average where each derivative with respect to E + jk is counterbalanced by a derivative with respect to the complex conjugate component E − jk . Due to the large number of different fields (remember that M is very large), we can furthermore neglect double (and higher) derivatives with respect to the same field component. Using Eqs. (72,73) (where ω = ω ), the average of P r (ω) with respect to the random phases φ jk is therefore given by:
The factor 1/(2n)! arises from the Taylor series (as prefactor for all terms involving a 2n-fold derivative). The binomial term 2n n originates from selecting n out of the 2n fields as fields with positive frequency. Finally, the factor n! describes all possible pairings of the n positive frequency fields with the n negative frequency fields. Together, these factors yield 1/n! and thereby reproduce the corresponding term in Eq. (77). Moreover, the sums over k 1 , . . . , k n drop out together with the denominators 1/M . Together with Eq. (80), we see that the right-hand side of Eq. (82) indeed reproduces, in the limit ∆ω → 0, the right-hand side of Eq. (77) [apart from the factor N (r), which arises in Eq. (76) from the probability to find an atom at r]. Therefore:
(83) which proves our above claim.
Before proceeding, we note that, for large M , the field defined by Eq. (78) can be simplified as follows: since the intensity resulting from a sum of many fields carrying the same frequency, but with random phases, is known to fulfill Rayleigh statistics [54] , we can rewrite Eq. (78) as follows:
where, again, φ j represents a random phase (uniformly distributed in [0, 2π]), whereas I j ≥ 0 is a random variable with probability distribution p(I j ) given by the Rayleigh law:
Thereby, the statistical properties of the stochastic classical field are completely characterized in terms of the average spectrum I(ω j , r), see Eq. (80).
B. Average refractive index of the atomic medium
As already mentioned above, the sum of all ladder diagrams expressed in form of a nonlinear integral equation for the average spectral density P(ω, r) of the atomic dipole correlation function, see Eq. (77), does not take into account effects due to the refractive index of the atomic medium. This becomes evident in the fact that (80) is described by the function T (r), see Eq. (11), which amounts to propagation in vacuum.
For a dilute medium, it is possible to calculate the refractive index by considering scattering from just one single atom. Let us therefore examine the process depicted in Fig. 7(b) . Here, propagation between r 1 and r 2 is modified by the presence of an atom at r. The corresponding single-atom building block can be calculated (summing over arbitrarily many incident intensities emitted from other atoms) in a similar way as above. It turns out that the intensities emitted from the other atoms can again be represented by the stochastic classical field introduced in Sec. V A, whereas the additional incident field emitted from r 1 turns into a partial derivative ∂/∂E + ω (t):
To evaluate the right-hand side of Eq. (86), we consider the solution s − r (t) of the single-atom Bloch equation (69) in the presence of the stochastic field defined above, plus an additional weak probe field with frequency ω. As explained in Appendix B, the derivative ∂s To determine how the atomic medium thereby affects the propagation of a photon from r 1 to r 2 , we perform the average over the position r in volume V with density N (r) in stationary phase approximation [55] , using the fact that the average susceptibility defined on the righthand side of Eq. (86) and the atomic density N (r) do not strongly vary when changing r by a distance of the order of the wave length:
where the integral is taken over a straight line connecting r 1 and r 2 . Let us compare this expression with the one that we obtain when introducing a position-and frequency-dependent refractive index n ω (r) into the definition (11) of the vacuum propagator T (r):
Expanding this function in n ω around n ω = 1, the resulting first-order term (since we consider scattering by only a single atom) coincides with Eq. (87) if
Terms of higher order in n ω , which are included in Eq. (88), are described by diagrams where the photon ω is scattered by more than one atom while propagating from r 1 to r 2 . The resulting refractive index then depends on the frequency ω of the propagating photon, and -through the stochastic field average -also on the fields emitted from other atoms, which, in turn, depend on the position r inside the atomic cloud.
The imaginary part of the refractive index leads to an exponential damping in Eq. (88), and thus yields the inverse of the scattering mean free path ω (r):
As already indicated in the title of this subsection, the refractive index described in terms of ladder diagrams implies an average over the atomic positions. For a single realization, the elastic component of the intensity inside the atomic medium exhibits short-range 'speckle' fluctuations, giving rise to fluctuations of the refractive index around its average value given by Eq. (89) above. These fluctuations induce additional scattering processes [56] which are ignored in our treatment, since they can be neglected in the case of a dilute medium.
C. Attenuation of the incident laser beam
The last ingredient needed for a complete summation of all ladder diagrams is the attenuation of the incident laser beam due to scattering in the atomic medium. For this purpose, let us examine the diagram shown in Fig. 8 . Since we seek a result which is non-perturbative in the laser amplitude, we consider an arbitrary number n+m of different atoms emitting negative-and positive-frequency photons, respectively, which, as shown in the following, interfere with the incident laser. Remember that each of the atoms i 1 , . . . , j m is itself irradiated by the intensities emitted from other atoms, which, for simplicity, are not explicitly indicated in Fig. 8 . Again in a similar way as in Sec. V A, it can be shown that this amounts to replacing the corresponding single-atom building blocks s . Thus, the contribution of the diagram shown in Fig. 8 reads:
We recognize, again, the occurrence of the single-atom building block P (α1,...,αn+m) r1 carrying labels α 1 , . . . , α n+m with α 1 , . . . , α n = +1 and α n+1 , . . . , α n+m = −1. The frequencies of all incident photons are equal to the laser frequency (i.e., frequency zero in the rotating frame). This can be traced back to the fact that, in the quasistationary regime, the atomic Bloch vector oscillates with the same frequency as the laser (i.e., it is timeindependent in the rotating frame).
Using Eqs. (72,73), we see that Eq. (91) represents the complete Taylor series (ignoring multiple derivatives with respect to the same field component) of the spectrum of a single atom driven by the following time-independent (in the rotating frame) classical fields:
which must be added to the positive-and negativefrequency amplitudes E L exp(±ik L · r 1 )/2 of the laser field at atom 1. After averaging over the positions r 2 , . . . , r N (and assuming N 1), the sum over all atoms except atom 1 in Eq. (92) can be represented as an integral over the atomic cloud:
Since the position-dependent phase of s
is given by the phase of the incident laser E L exp(ik L ·r)/2, the above integral yields in stationary phase approximation:
where e L = k L /k L is the unit vector pointing in the direction of the incident laser. Since N (r) = 0 if r / ∈ V (i.e. if the point r lies outside the atomic medium V ), the integral over z can be restricted to a finite interval corresponding to the distance the laser beam covers in the medium before reaching r 1 .
The attenuated laser field at position r 1 then results as:
When evaluating the stochastic field average s 
The corresponding mean free path L (r) is obtained from the imaginary part of n L (r) in the same way as in Eq. (90). The refractive index n L (r) for the laser is different from the refractive index n ω (r) for the fields scattered between atoms, see Eq. (89). This is not surprising, since the laser field is strong, whereas Eq. (89) has been derived under the assumption of a weak field (described by a single photon) propagating from one atom to another one. Only for a weak laser beam, where the quotient in Eq. (97) can be interpreted as a derivative, the two refractive indices n L (r) and n ω (r) coincide (for ω = 0). Finally, let us remark that the above treatment of average propagation must be modified in the case of more than one incident laser beam. Then, additional coherent components are produced by four-wave mixing processes [57] . These are described by diagrams which are neither ladder nor crossed diagrams, but nevertheless fulfill a phase-matching condition, such as, for example, exp[i(k 1 + k 2 ) · r] = 1 in the case k 1 = −k 2 of two opposite incident laser beams.
D. Ladder transport equations
We now have all ingredients at hand to formulate our final result -which amounts to the complete summation of all ladder diagrams. First, we have shown in Sec. V A, see Eq. (83), that the average spectral density P(ω, r) of the dipole correlation function of an atom placed at position r inside the atomic cloud is obtained as P(ω, r) = N (r)P r (ω) (cl) . By virtue of Eq. (81), P r (ω) (cl) represents the spectrum of an atom placed at r driven, both, by a classical stochastic field representing the radiation emitted from all other atoms, and by the laser with associated Rabi frequency Ω(r) = 2dE + L (r)/ . The latter, taking into account the attenuation due to scattering in the atomic medium, is given by Eqs. (96,97). The stochastic properties of the classical field, see Eqs. (84,85), are completely characterized by the average spectrum I(ω n , r) of the scattered field on a sufficiently fine, discrete grid of frequencies ω n = n∆ω. This spectrum exhibits an inelastic and an elastic component,
which, in turn, are determined by the corresponding atomic dipole spectra as follows:
where, as compared to Eq. (80), the effect of the atomic medium has been taken into account through T ω (r, r ), see Eqs. (88,89). Furthermore, we have split P(ω, r) into its inelastic and elastic components:
where, according to Eqs. (81,83), the latter is obtained as
The limit τ → ∞ exists only after taking the classical field average, since no truly stationary state is reached for a single realization of the polychromatic classical field, see the discussion after Eq. (69). The inelastic component P (in) (ω, r) is obtained from Eq. (81), after subtracting from the dipole correlation functions their asymptotic values reached at τ → ∞.
The above coupled system of equations can be solved numerically by an iterative procedure. Initially, there are no scattered fields, i.e., I(ω n , r) = 0 and the laser E
ik L ·r /2 is given by a plane wave. We then calculate, in a first iteration step, the spectra of the atomic dipoles P(ω n , r) at each position inside the atomic cloud. According to Eq. (83), this involves the solution of single-atom Bloch equations for a large number of realizations of the stochastic field, with subsequent averaging. In a similar way, the refractive indices n L (r) and n ωn (r) are obtained by solving Eqs. (89,97). The laser amplitude follows through Eq. (96), and finally, the spectrum of the scattered light via Eqs. (99,100). This scheme is repeated until convergence is achieved.
Finally, the average normalized spectrum, see Eqs. (32, 33) , measured by a detector placed in the far field follows as:
Again, the integral over s can be restricted to a finite interval since the scattering mean free path ω (r + se D ) tends to infinity if the point r + se D lies outside the scattering volume V . Without the exponential factor, Eq. (103) reproduces the ensemble average of the diagonal terms (i = l) in Eq. (32), as can be seen from Eq. (76). The exponential factor then takes into account additional (non-diagonal) terms arising in the ladder approximation due to the final step of propagation from the last scattering event through the atomic medium towards the detector. Taking into account Eq. (101), it is possible to extract the elastic and inelastic components of the detected light from Eq. (103):
As shown in Appendix C, γ L (ω, e D ) fulfills the property of flux conservation after integration over the frequency ω and the angles e D and adding the flux of the coherently transmitted light. The coupled set of ladder transport equations (81), (83-85), (88-90) and (96-104) possesses a physically transparent structure, which can also be explained without using diagrams. The most important assumption is the one that the intensities emitted from different atoms are uncorrelated with each other. A light field of this form can be modelled as a classical field, since quantum properties of light become apparent only in the form of intensity-intensity correlations [58] . Unlike the incoming laser field, this classical field is not purely coherent, but exhibits stochastic properties. The stochasticity can be traced back to two different physical reasons: First, the quantum-mechanical fluctuations of the atomic dipoles induce a certain probabilistic frequency distribution of the scattered fields. Second, the classical average over the atomic positions leads to a Rayleigh distribution of the intensities at each single frequency component, see Eq. (85). Finally, also the expressions for the refractive indices n ω (r) and n L (r), see Eqs. (89,97), can be understood in terms of the susceptibility of the atomic dipoles with respect to the small scattered fields, and by the fact that the elastically forward-scattered light is phasecoherent with the incident laser, and thus attenuates the latter by destructive interference.
Nevertheless, the diagrammatic approach is useful for giving a more rigorous justification of the above heuristic arguments. Furthermore, it allows us to include, in a systematic way, the influence of nonlinear and inelastic scattering on interference effects leading to weak localization and coherent backscattering (see the following Sec. VI), which, up to now, can only be explained within the diagrammatic approach.
VI. SUMMATION OF CROSSED DIAGRAMS
As discussed in Sec. IV E above, crossed diagrams describe the interference between fields emitted from different atoms, which gives rise to a coherent backscattering peak around the direction k D −k L opposite to the incident laser beam. As evident from the example shown in Fig. 5 , crossed diagrams are constructed from the ladder diagrams discussed in Sec. V by reversing a single photon line. In Fig. 5(b) , for example, the path of the positivefrequency photon (solid lines) propagating from atom 3 to 6 via the intermediate atoms 4 and 5 in Fig. 5(a) is reversed. This leaves us with a pair of counterpropagating paths (solid and dotted lines pointing in opposite directions) between atoms 3 and 6, respectively. Due to the condition of energy conservation, see Eq. (62), the frequencies ω i and ω i of counterpropagating photons are related by ω i = ω − ω i . Here, and in the remainder of this section, ω always denotes the frequency of the detected photon. As shown in the following, the sum of all crossed diagrams can be expressed as the solution of an integral equation describing transport of a counterpropagating pair of amplitudes through the atomic medium. Diagrams with more than a single pair of counterpropagating amplitudes cannot occur due to our restriction to building blocks with at most one outgoing dashed and/or solid arrow, see Fig. 3 .
A. Crossed building blocks
Let us first identify the building blocks which any crossed diagram is composed of. Since we are interested in the counterpropagating pair of amplitudes, the diagrams presented below only indicate the photon exchanges associated with these amplitudes. In addition, each atom may be 'dressed' by an arbitrary number of incoming ladder intensities. In a similar way as above, it can again be proven that these incoming ladder intensities may be represented by the classical stochastic field introduced in Sec. V A. For example, in Fig. 5(b) , we see that atom 6 is subject to a ladder intensity emitted from atom 2. Atoms driven by this stochastic field (in addition to the laser) are represented by a filled circle in the following. Then, any crossed diagram describing counterpropagating amplitudes can be constructed from the building blocks depicted in Fig. 9 .
The corresponding equations for these building blocks are the following:
As discussed in Sec. V B, each incoming arrow leads to a partial derivative with respect to the corresponding field, together with a prefactor /(2d). For example, in 105). In addition, there is a prefactor N (r) taking into account the probability to find an atom at r. The building blocks denoted by τ , see Fig. 9(c-e) and Eqs. (107-109), obtain an additional factor −2πiΓ/k (9), originating from the integral over r evaluated in stationary phase approximation, see Eq. (87). In the following transport equations, the integral over r is then restricted to a straight line defined by the positions of other building blocks to which the building blocks τ are attached.
Photons originating from the laser mode are explicitly indicated in diagrams Fig. 9 Furthermore, each of the diagrams shown in Fig. 9 exhibits a complex conjugate counterpart obtained by exchanging solid with dotted lines. In case of Fig. 9(a) , the complex conjugate diagram is identical to the original one with relabeled frequencies, i.e., K * (ω 1 , ω 2 ) = K(ω − ω 2 , ω − ω 1 ). The complex conjugate counterparts of Fig. 9(b-e) , however, give rise to new building blocks K * L (ω 1 ), . . . , τ * L2 (ω 1 ) which must be taken into account separately in the transport equations derived hereafter.
Finally, we note that the building block τ depicted in Fig. 9 (c) (and, similarly, τ L1 and τ L2 ) can be interpreted as an optical phase conjugation [59] , where the two dotted arrows ω 1 and ω − ω 1 play the role of two counterpropagating pump beams, which reverse the phase and direction of the incident photon ω 2 .
In the following, it will be useful to split the quantum mechanical expectation value σ + (τ )σ − (0) appearing in the expressions of K and K L , see Eqs. follows:
where K (the sum of the first three terms) andK (the remaining two terms) are defined as indicated in Fig. 10 , see also Eqs. (D1,D2) in Appendix D. Similarly,
see Eqs. (D3,D4). In Fig. 10 , the square represents the term originating from quantum fluctuations (as explained above), whereas the small circles with outgoing dotted (or solid) arrow stand for s + (or s − ), with incoming arrows indicating probe field derivatives acting either on s + or on s − . The building blocksK andK L , see Fig. 10(b) , have the property that the incoming dashed arrow is associated with s − (outgoing solid arrow) and not with s + (outgoing dotted arrow). This will be relevant in the context of forbidden diagrams to be discussed in the following subsection.
B. Forbidden diagrams
Transport of a counterpropagating pair of amplitudes through the atomic medium is now described by connecting the crossed building blocks displayed in Fig. 9 in all possible ways. In general, the connection between two building blocks is achieved by identifying an 'outgoing' pair of counterpropagating arrows of one building block with the 'incoming' pair of the other building block (where we define 'outgoing' or 'incoming' by the direction of the solid arrow). In addition, the building blocks shown in Fig. 9(c-e) exhibit an incoming ladder pair, which, as described in Sec. V, is described by the spectrum P(ω 1 , r) of the dipole correlation function, see Eq. (76).
Some combinations of crossed building blocks give rise to 'forbidden diagrams' which yield a vanishing contribution. These forbidden diagrams are those where the outgoing pair of counterpropagating arrows of the building blocks τ * , τ * L1 , τ * L2 ,K orK L is identified with an incoming pair of τ , τ L1 , τ L2 ,K * orK * L . Two examples are shown in Fig. 11(a) and (d) . These combinations are forbidden for the following reason: first, we note that all of these terms (τ , τ L1 , τ L2 ,K,K L and their complex conjugates) contain single-atom building blocks with only one outgoing arrow. As explained in Sec. IV B, the photon exchange associated with the outgoing arrow must then occur after the exchanges associated with the incoming arrows. In case of the diagram shown in Fig. 11(a) , this condition cannot be fulfilled for both atoms at the same time, since the outgoing arrow of one atom serves as incoming arrow for the other atom, and vice versa. A similar argument holds if arbitrary additional building blocks are inserted in between, see Fig. 9(b) . In contrast, the Fig. 9(c) shows an example of an 'allowed' combination, where no conflict of orderings appears, and which therefore must be taken into account in the transport equations which we will formulate further down.
All three forbidden diagrams, Fig. 11(a) , (b) and (d), correspond to diagrams with conflicting local orderings, the contribution of which vanishes as discussed in Sec. IV C. In principle, they would not change the final result even if they were included in the transport equations. From a numerical perspective, however, this is true only if the integration over the frequencies of the exchanged photon is performed with perfect accuracy, yielding exactly zero for a forbidden combination. To minimize sources for numerical errors, we therefore explicitly exclude these combinations from our subsequent calculations.
C. Crossed transport equations
In principle, two different strategies can be pursued to describe transport of counterpropagating amplitudes through the atomic medium: the first one consists in following the propagation from one end of the crossed scattering sequence to the other one. This strategy was employed in [33, 34] . The second considers two crossed propagators C and C * starting from both ends in opposite directions, and joins them at a particular point within the scattering medium [60] . In this paper, we will adopt the second approach, since it leads to a more compact and physically transparent form of the transport equations.
To define C, we choose the propagation direction defined by the solid arrow. The first step consists of a positive-frequency (solid line) laser photon propagating towards a point r within the atomic medium, and the corresponding negative-frequency photon (dotted line) prop- agating from r towards the detector. Graphically, this term is represented by the first diagram on the righthand side of Fig. 12(a) , and contributes to the quantity C L (r) describing a counterpropagating pair of amplitudes originating from the laser mode. After that, the counterpropagating amplitudes may be scattered through an arbitrary sequence composed of the building blocks K L , K, τ and τ L1 . This gives rise to the quantity C(ω 1 , r), describing a scattered pair of counterpropagating amplitudes (with frequency ω 1 for the solid line, and ω −ω 1 for the dotted line), see Fig. 12(b) . Concerning C L (r), we also have to take into account the possible occurrence of building block τ L2 , see the second term on the right-hand side of Fig. 12(a) .
The corresponding equations read as follows:
with e = e D or e = −e L represents an 'outgoing' (with respect to the solid arrow) pair of counterpropagating amplitudes, and
In Eqs. (114,116) and (118), the integrations over z and ρ are again restricted to finite intervals where the corresponding points r+z e, r−z e L , and r +ρ(r −r)/|r −r| lie inside the atomic medium. Moreover, Eqs. (116) and (118) involve a stationary phase approximation (i.e., the building block τ L2 is placed on the line pointing from r in direction −e L , and the building blocks τ and τ L1 on the line connecting r with P.) The coupled set of equations (112,113) can now be solved numerically by an iterative procedure. The quantities C L and C contain all combinations of the building blocks K, K L , τ , τ L1 and τ L2 . The remaining building blocks (i.e., τ
are then used to connect C L and C to the complex conjugate quantities C * L and C * . Thereby, all the forbidden combinations discussed in Sec. VI B (and only those!) are excluded.
The resulting crossed contribution γ C to the photodetection signal, graphically depicted in Fig. 13 , reads as follows:
* . Again, the crossed contribution can be divided into an elastic and an inelastic component:
Numerically, we first calculate the total contribution γ C (ω, e D ) given by Eq. (119) on a discrete grid of frequencies ω i = i∆ω. Then, we determine the inelastic component at i = 0 by an interpolation between neighbouring points i = ±1 where the elastic component vanishes, i.e. γ (in)
VII. RESULTS
After having exposed our general theory for multiple scattering of laser light by a disordered cloud of two-level atoms, valid under the assumptions of large distances between the atoms, we now present numerical solutions of the ladder and crossed transport equations derived in the previous chapters V and VI.
A. Scattering geometry
We consider a one-dimensional slab as atomic scattering medium, with thickness D in z-direction and infinite extension in x-and y-direction, see Fig. 14 . We quantify the thickness D in terms of the optical thickness b = D/ lin , where lin denotes the linear scattering mean free path, i.e., the scattering mean free path in the limit of low laser intensity:
It depends on the atom-laser detuning δ, the radiative decay rate Γ, the wavenumber k L of the incoming laser and the density of atoms N , which we assume to be constant within the slab. The intensity of the incoming laser (with Rabi-frequency Ω) is measured in terms of the saturation parameter
The crossed contribution γC (ω, eD) to the photodetection signal results from connecting scattering sequences described by CL and C, see of a single atom driven by the laser field. The advantage of the slab geometry is that all averaged quantities appearing in the transport equations, which depend on a single position variable r (e.g. the average spectrum I(ω, r), the mean free path ω (r), the crossed building blocks K(ω 1 , ω 2 , r) and τ (ω 1 , ω 2 , r), etc.) are independent of x and y, due to translational invariance after disorder averaging. Only the terms T ω (r, r ), see Eq. (88) and Q(ω, r, r ), see Eq. (118), depend on the transverse distance between r and r , over which the integral can be performed analytically, e.g., in Eqs. (99,100):
where Ei(−t) = − ∞ t dt exp(−t )/t (with t > 0) denotes the exponential integral function. Eq. (123) is valid if the average value of the inverse mean free path 1/ ω between z and z is positive -a point which will be further discussed below. Thereby, all position integrals can be transformed into one-dimensional integrations along z, which enormously reduces the numerical effort.
Nevertheless, the latter is still considerable, especially for the calculation of the crossed component. The most time-consuming part is the calculation of the crossed building blocks K(ω 1 , ω 2 , z) and τ (ω 1 , ω 2 , z), see Eqs. (105,107). With a frequency grid of size 128, and a position grid of size 100 (which, as we have checked, is adequate for achieving well-converged results for a slab with optical thickness b = 5), we have to calculate, for each desired value of the detected frequency ω, about 3 × 10 6 different complex numbers (K and τ for all values of ω 1 , ω 2 and z). Each of these requires the solution of the three-dimensional single-atom optical Bloch equations from time t i = −40/Γ to t f = 50/Γ for approximately 2000 realizations of the stochastic driving fields. Using parallel computation on a large computer grid (bwGRiD and bwUniCluster), the solution of the ladder and crossed transport equations for each set of parameters (b, s, δ) takes approximately one week.
B. Diffusive transport
Let us start by verifying that our approach reproduces the well-known results of linear radiation transport in the limit of small saturation s 1. For isotropic scattering with mean free path (0) , the average intensity inside a slab of thickness D is obtained as the solution of the following linear transport equation [6] :
(124) In the following, we compare this solution with the solution of our nonlinear ladder transport equations describing radiation transport in a dilute and cold cloud of two-level atoms. Here, the total average intensity consists of the incident laser intensity
given by Eq. (96), the intensity of elastically scattered light, see Eq. (100), and the intensity of inelastically scattered light: where the latter results from integrating the inelastic spectrum I (in) (ω, z), see Eq. (99), over the frequency ω:
For very small saturation, e.g. s = 1/1000, the solution of our ladder transport equations, see Sec. V D indeed reproduces the linear solution defined by Eq. (124) with (0) = lin , as expected, see Fig. 15 . The situation changes for larger saturation. For a single atom driven by a laser with saturation parameter s, the excited state is populated with probability s/(2+2s), and the intensity of scattered light divided by the incident light intensity is proportional to 1/(1 + s). In other words, for s = 1, the scattering cross section of a single atom is only half as large as for s → 0. In addition, each atom is not only driven by the incident laser, but also by the light emitted from all other atoms. Fig. 16(a) shows the intensity profile for s = 1 resulting from our ladder transport equations, where all these effects are taken into account. As most prominent difference with respect to the case of small saturation, we note that the intensity is now dominated by inelastically scattered light (blue dotted line). Moreover, we see that, in accordance with the above expectation, the amount of multiple scattering is reduced as compared to the case of small saturation, since the total intensity (black solid line) is smaller, whereas the decay of the incident laser light (red dashed line) with increasing z is slower than in Fig. 15 .
These findings indicate that the mean free paths characterizing scattering of light in a saturated atomic medium are larger than in the linear case (i.e. for small saturation). This is demonstrated in Fig. 16(b) , which shows the mean free path ω=0 for elastically scattered light (black dash-dotted line) and L for the incident laser light (red dashed line) as a function of the position z inside the atomic slab. Concerning inelastically scattered light, we define an effective mean free path (in) (blue dotted line) by averaging its inverse over the spectrum (see also the corresponding discussion in Appendix C):
Similarly, we define an effective mean free path (tot) for the total light (black solid line) as follows:
From Fig. 16(b) , we see that (tot) is between three and five times larger than the mean free path lin in the limit of very small saturation. In Fig. 16(a) , we therefore compare the total light intensity (black solid line) with the solution of the linear transport equation (124) The spectrum of inelastically scattered light is plotted in Fig. 17 , for three different positions z = 0, z = D/2 and z = D inside the atomic slab. For comparison, the thin dotted line shows the spectrum emitted by a single laser-driven atom, which is approximately half as broad as the other three spectra. The broadening of these spectra has the following two reasons: first, each atom not only sees the incident laser light, but also the light emitted from all other atoms. This increases the saturation of each single atom, and thus leads to a broader spectrum. Second, the spectrum is broadened by multiple scattering, since the frequencies of photons emitted by one atom may again be shifted due to subsequent scattering by other atoms.
As already mentioned above, the description of propagation in an infinitely extended medium (in the x-and ydirection) requires a positive mean free path (since, otherwise, the intensity diverges). For the results presented in this article, ω indeed remains positive for all frequencies and all positions inside the slab. For a strong laser, however, ω may also assume negative values for certain frequencies, an effect known as 'Mollow gain' [61] . In this case, the incident strong laser light is used to amplify a weak probe beam. For a single atom (with detuning δ = 0), this effect occurs if s ≥ 3. In the case of an atomic medium with thickness D = 5 lin , we have verified that, due to spectral broadening discussed above, frequency windows with ω < 0 are smeared out, such that ω remains positive (for all frequencies and everywhere inside the slab) up to s ≤ 14.3 [62] . For even larger s, Mollow gain occurs in the atomic medium, and our assumption that all scattered fields are weak (and therefore only single photons are exchanged between each pair of atoms) breaks down. An extension of our theory taking into account Mollow gain will therefore be an interesting task for future work.
C. Coherent backscattering
As discussed in Sec. IV E, the effect of coherent backscattering becomes apparent when measuring the average backscattered intensity γ(e D ), see Eq. (34) . This intensity consists of a (weakly angle-dependent) diffusive background γ L , see Eq. (103), and an interference contribution γ C , see Eq. (119), which is strongly peaked around e D = −e L . In the following, we restrict ourselves to the case of exact backscattering direction (e D = −e L ), i.e., we investigate the height of the coherent backscattering cone and the corresponding coherent backscattering enhancement factor
In the limit s → 0, the backscattered intensities γ L and γ C converge to the values [6] 
obtained from the solution of the linear transport equation (124) with
L (and hence η (0) < 2) since single scattering contributes only to γ L , but not to γ C .
Corrections to γ in first order of s can be calculated in terms of the two-photon scattering matrix of the dilute atomic sample [36] . Let us first verify that our transport equations reproduce the results of this two-photon scattering approach for small saturation, see Fig. 18 . An intriguing prediction of this approach is the fact that the coherent backscattering enhancement factor originating from inelastically scattered photons with frequencies ω 0 close to the frequency of the incident light exceeds the value of two, such that γ (in)
In the linear case, this is not possible since any scattering path of a single photon exhibits only one reversed counterpart with which it interferes in the backscattering direction. For two photons, however, coherent backscattering originates from interference between three reversed amplitudes [36] . In other words, in the presence of nonlinear scattering, a ladder diagram may give rise to more than one crossed diagram. (For example, from the ladder diagram shown in Fig. 5(a) , we may construct an additional crossed diagram apart from the one shown in Fig. 5(b) , where the scattering sequence 2 → 6 is reversed.)
The reversed amplitudes, however, are able to interfere fully constructively only if the detected frequency ω is close to the laser frequency ω L = 0 (in the rotating frame). If this is not the case, the crossed component is suppressed due to dephasing induced by the different frequencies of the counterpropagating photons. Consequently, we can see in Fig. 18 
An interesting question, which we can now answer using the ladder and crossed transport equations derived in this article, concerns the behaviour for larger values of the saturation parameter beyond the validity of twophoton scattering theory: is it possible to achieve an even stronger amplification of the inelastic coherent backscattering enhancement factor? In Fig. 19 , we see that this is not the case. Here, we show the ladder and crossed spectra (solid and dotted lines) for s = 0.1 (a,c) and s = 1 duced by inelastic scattering becomes stronger for larger s. For example, in the case of two inelastic scattering events, the frequency of the intermediate photon (between the first and the second inelastic event) may differ from ω L even if the frequency ω of the detected photon is close to ω L . Second, contributions to the backscattered spectrum of higher order in s may also carry a negative weight. For example, for the well-known case of a single atom driven by a monochromatic laser, the ratio of inelastically scattered intensity divided by the incident intensity is proportional to s/(1 + s)
2 . Expanding this result in powers of s, we get
i.e. the second order in s (resulting from scattering of three photons) carries a negative sign. In this case, the above-mentioned effect of interference between more than two reversed-path amplitudes supresses the corresponding crossed component more strongly than the ladder component. In summary, the height γ C of the coherent backscattering cone results from an interplay between two effects: (i) dephasing due to random changes of the frequency induced by inelastic scattering events (which always reduce γ C as compared to γ L ) and (ii) interference between many reversed-path amplitudes (which may increase or decrease γ C , depending on the sign of the respective contributions).
In Fig. 20 , we show the total inelastic ladder and crossed contributions γ Fig. 20(b) . The saturation parameter is varied on a logarithmic scale from s = 10 −4 to s = 2. The lines correspond to the prediction of two-photon scattering theory. We see that the regime of validity of the latter depends on the thickness of the medium. This is not surprising since the number of scattering events is larger in a thicker medium.
In both cases, Fig. 20(a) and (b), we first observe that the elastic ladder contribution (open squares) decreases as a function of s. This has two reasons: first, with increasing saturation, the ratio of elastic vs. inelastic scattering decreases and, second, also the total amount of scattering (elastic plus inelastic) decreases, as already discussed in Sec. VII B. For the same reasons, the inelastic ladder component (filled squares), which starts at zero for s = 0, first increases, then assumes a maximum and decreases again for large s. The elastic crossed component (open diamonds) also decreases as a function of s, and it does so faster than the ladder component. This is a consequence of interference between many reversed-path amplitudes, which, in this case, give predominantly negative contributions (due to the fact that γ −0.003 for s = 1 and −0.002 for s = 2), corresponding to destructive instead of constructive coherent backscattering interference. This effect has already been observed for classical nonlinear coherent backscattering [60, 63, 64] . In the present case, it is less pronounced, due to the strong suppression of elastically backscattered photons at large s. The inelastic crossed component (filled diamonds) is smaller than the ladder component (filled squares) for all values of the saturation parameter, and also exhibits a maximum as a function of s.
From the elastic and inelastic ladder and crossed components shown in Fig. 20 , we finally calculate the coherent backscattering enhancement factor η = 1 + [γ Fig. 21 . In the limit s → 0, the coherent backscattering enhancement factor converges to the value η (0) = 1+γ
L predicted by Eqs. (130,131).
As already mentioned above, η (0) < 2 due to single scattering. With increasing saturation, the coherent backscattering enhancement factor η decreases. In case of the slab with larger thickness (D = 5 lin , filled symbols), a significant decrease of η (from 1.83 to 1.74) can be observed already for s = 10 −3 , in agreement with the perturbative prediction (solid line). This can be traced back mainly to the decrease of the elastic crossed component, as discussed above. For s = 2, the coherent backscattering enhancement factor has dropped to η = 1.20 for the medium with larger thickness (D = 5 lin ), and to η = 1.07 for the one with smaller thickness (D = 0.5 lin ). In this case, the remaining coherent backscattering enhancement originates mainly from inelastically backscattered photons. For comparison, we also included in Fig. 20 a few data points for the case of nonvanishing detuning. For D = 0.5 lin , a detuning of δ = 0.5Γ has almost no effect on η (open triangles for δ = 0.5Γ vs. open circles for δ = 0), whereas, for D = 5 lin , the coherent backscattering enhancement factor for δ = Γ (filled triangles) is considerably smaller than for δ = 0 (filled circles), if the saturation is not too small (s = 0.1 and s = 1).
Remember that, in the present article, we concentrate on the scalar field model. For a comparison with experimental data [31, 32] , it will be necessary to take into account the vectorial character of the light field: The latter makes it possible to filter out single scattering such that η → 2 can be observed for s → 0 in the case of atoms with non-degenerate ground state [26] . Also nonlinear crossed scattering processes are influenced by the vectorial character. For example, the initial decrease of η for small s predicted by two-photon scattering theory is less steep than in the scalar case [36] .
VIII. CONCLUSION
This work was dedicated to the solution of a problem that, due to its exponential complexity, was deemed intractable: the propagation of intense laser light across a dilute, disordered ensemble of cold atoms.
Our solution is based, on the one hand, on quantum optical methods which provide an accurate account of the individual atomic responses to a saturating laser field. On the other hand, it relies on diagrammatic methods whereby multiple scattering signals can be expressed in terms of single-atom responses. We developed a combination of these methods under the approximation that the intensities emitted from different atoms are uncorrelated with each other. This approximation is valid for a dilute atomic medium (where the distances between atoms are larger than the wave length of the scattered light) and makes it possible to represent the photons exchanged between the atoms by a classical field. For a small number of atoms (N = 2 and N = 3), the latter property has already been proven and applied in previous work [50, 65] , whereas the present article provides the generalization to an arbitrary number of atoms.
To achieve this goal, we started from a microscopic quantum optical master equation for N laser-driven atoms exchanging photons via the far-field dipole-dipole interaction. Thereafter, we obtained a formal solution of the master equation in the form of a diagrammatic series, and performed the complete summation of diagrams surviving the disorder average, the so-called ladder and crossed diagrams. We thereby derived transport equations for the diffusive and coherent backscattering intensities which we solved numerically for the case of an atomic medium confined to a slab. In this way, we were able to determine the local spectral irradiance of light propagating inside the slab and to demonstrate how increasing the incident laser intensity leads to a broadening of the spectrum of backscattered light and to a reduction of the height of the coherent backscattering interference peak.
To reduce the technical overload, the present theory was developed for two-level atoms and scalar electromagnetic fields. However, the ideas lying at the basis of our method are equally valid for atoms with degenerate dipole transitions and for vector fields [52, 66] . The generalisation to this more realistic scenario is possible and necessary for achieving a satisfactory agreement with the experimental results on coherent backscattering of strong laser light by cold atoms [31, 32] . In principle, we expect that our theory can be generalized to dilute media composed out of quantum mechanical scatterers with an arbitrary level structure for which the interaction of the incident field with a single scatterer can be treated by Bloch equations, e.g., atoms with three or four levels as a microscopic model for random lasing [67] (see also the discussion at the end of Sec. VII B), or with a Λ-type level structure suitable for electromagnetically induced transparency [22] . In these and similar cases, our quantumoptical multiple scattering approach provides the possibility to access new regimes which cannot be treated by presently availabe theories, in particular to account for nonlinear effects occurring at high field strengths (such as saturation or inelastic scattering induced by quantum fluctuations) in combination with multiple scattering.
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with the irreversible part given by the coupling matrix: A solution of Eq. (A7) with non-zero coefficients would then be given by c j = −c k (and c i = 0 for i = j, k).
The corresponding eigenvalue 0 of the coupling matrix W then gives rise to a 'dark state', i.e., a subradiant state with infinite lifetime. If all positions r i differ from each other, however, the only solution of Eq. (A7) with the same set of coefficients c j for all Ω is given by c j = 0 for all j. This implies that, in the absence of the driving laser, all atoms finally decay to the ground state with a finite (i.e. non-zero) rate. We can now bring the master equation (A4) into the diagonal form:
where the rates γ j > 0 are the eigenvalues of W times Γ/2, and the operators a j are linear combinations of σ − 1 , . . . , σ − N (determined by the corresponding eigenstates of W ). As shown in [68] and [69] , the solution of this equation relaxes towards a unique stationary state if there exists no operator different from a multiple of the identity operator that commutes with all operators a j and a † j . Since each σ It remains to be shown that the second term vanishes in the limit → 0. For this purpose, we first observe that, due to the normalization conditions for S and S 0 , the vector S − S 0 is orthogonal to the lefteigenvector of L associated with the eigenvalue 0, i.e., (1, 0, . . . , 0)( S − S 0 ) = 1 − 1 = 0. Therefore, the eigenvalue 0 of L does not contribute in the second term on the right-hand side of Eq. (A9). In other words, in the limit → 0, the norm of the vector ( −L) −1 ( S− S 0 ) is bounded from above, i.e. |( − L) −1 ( S − S 0 )| ≤ | − λ 2 | −1 | S − S 0 |, where λ 2 is the second smallest singular value of L. The latter is strictly larger than zero, since the eigenvalue 0 of L is non-degenerate due to the uniqueness of the stationary state shown above. Therefore, 
To obtain the correct frequencies in the exponential factors, we must take into account that E 
